Abstract. The use of bicoherence has proved its efficiency in the analysis of nonlinear wave interactions. The method has been adapted to interpret the results of a simulation of the beamplasma interaction, in a case of broadband spectra, where many unstable modes can be suspected to couple. As the interacting waves exhibit different polarizations (electrostatic and electromagnetic), the bicoherence has been modified into a cross bicoherence in order to test the coupling of different field components. The visualization of the result has been designed in order to evidence the couplings in terms of efficiency (high bicoherence) and energy (high power). The application of this method to the simulation results shows that quadratic wave interactions are effective; new helpful information is stressed in order to interpret the observed growth of large-scale magnetic fluctuations.
Introduction
Bicoherence is the appropriate tool for analyzing quadratic couplings [Kim and Powers, 1979 ]. This tool is developed here in order to analyze numerical results obtained from a particle-in-cell simulation of a beam-plasma interaction; the main difficulties to be solved in this case are (1) the buildup of a broadband spectrum of the fields and (2) the vectorial nature of the problem, i.e., the large number of different electromagnetic components that may couple nonlinearly. The solutions developed for this analysis should obviously be applicable in any data set, from experiment or from other numerical simulations, where these difficulties are met, which is not a rare occurrence. Generally speaking, when waves are observed to grow, one is led to the following tests: (1) Does linear theory apply? (2)If not, do the nonlinear physical effects consist of weak or strong interactions? In the case of a linear situation, the appropriate analysis tool is the Fourier analysis. In the case of weakly nonlinear interactions, higher-order spectral analysis is needed: bispectral analysis for quadratic coupling, trispectral analysis for cubic coupling, etc. . In the case of strong turbulence, all spectral tools fail, and other data processing must be performed [Dudok de Wit, 1996] . In the present analysis we will limit the investigation to third-order spectral analysis (bispectrum and bicoherence), since it is conclusive we have not tested higher-order analysis.
The bispectral analysis has proved its efficiency for analyzing three-wave couplings, from a theoretical point of view [Kim and Powers, 1979] we will show that this analysis can be used also as a means of exploring a Physical situation where the interpretation cannot be known prior to the analysis. The physical problem which is studied here is a beamplasma interaction studied with the help of a full particle numerical simulation. The geometry of the problem is onedimensional in space, but all field vectors have three components, which allows a fully electromagnetic interaction between the beam and the plasma. As expected in such an interaction, electrostatic waves are unstable [see, for instance, Akhieser et al., 1967; Cap, 1978; Delcroix and Bers, 1994] . What is going to be investigated here is the nature of the source mechanism of the electromagnetic waves which are observed shortly after the growth of the electrostatic modes.
After giving the definitions commonly used for bispectrum and bicoherence and the type of visualization adopted, the application of the method to the beam-plasma problem will be described, and we will show how the results can be interpreted theoretically in terms of nonlinear wave couplings. The number of subintervals is chosen with the following compromise: The error on the bispectrum estimate is proportional to 1/N which makes the highest value of N the best; on the other hand, the resolution Ak of the spatial spectrum is proportional to N, and it must be small enough to separate the different modes that couple in the problem. In the present case, the length of the simulation box is L = 2048 Ax (where Ax is the grid step); it has been divided it into eight smaller boxes of 256 points.
Bispectrum

Visualization
The definitions of bispectrum and bicoherence given above show that two kinds of information can be obtained.
The bicoherence gives only the phase coherence of the /signals with no information about the energy contained in them, so that a high bicoherence may be due to weak components which are a minor part of the total signal. This leads to an unpleasant drawback: As the number N of samples used is not infinite (N = 8 in our case), the statistical validity of the result is thus limited, and increasing the number of weak components acting on the result would obviously increase the number of coincidental high values of the bicoherence. On the other hand, the bispectrum contains the same information about the phases but multiplied by the amplitudes of the three components, and a weak coherence can be counterbalanced by a high intensity. The relevant information of interest herein is doublets (k l, km), where both the bicoherence and the bispectrum are high, which means that the mode coupling exists and is energetically efficient, and consequently where a significant energy transfer can take place. To find the modes where this coupling exists, it would be necessary to plot both quantities. Instead of that, we plot the bispectrum filtered by the bicoherence; that is, the bispectrum is plotted in coloi code only when the bicoherence exceeds a given threshold.
Wave Generation by Beam-Plasma Interaction
The Simulation
The beam-plasma interaction is simulated with a onedimensional fully electromagnetic particle code [Krafft et al., 1994] in which ions are at rest (they form a neutralizing background); the vectors (v, E, B) are three dimensional. The simulation box is 2048 points long, with periodic boundary conditions. Initially, the ratio of electron gyrofrequency over plasma frequency is equal to 0.079, the beam density is 12% of the plasma density, the velocity of the beam is 3.5 times the plasma thermal velocity, and the thermal velocity of the beam is 0.3 times the plasma thermal velocity. The angle between the magnetic field and the wave propagation direction is 31ø. The x direction is the direction of the simulation box and of the wave propagation; B x is equal to 0, E x is the electrostatic component of the field, and the y and z components are the electromagnetic components (the z axis is chosen in such a way that the static magnetic field is in the (x, z) plane. Figure 1 shows the energy time histories for two components (one electrostatic and one electromagnetic). As expected, there isa large increase of the electrostatic energy until t = 40 (in the simulation time unit, which is equal to cope'l). Moreover, one observes that shortly after the increase of electrostatic energy, the electromagnetic energy increases too, and this unusual feature is at the origin of this study. . One of the main differences with the present work is that the electromagnetic waves were propagating on the whistler mode for all these studies (allowing to radiate outside the electron beam in the ARAKS experiment) and not on the beam mode as in the present study.
Simulation Results
Interpretation
Conclusion
The bispectrum is an appropriate tool for evidencing quadratic wave coupling as in the present study of beamplasma interaction. It is especially interesting when the fluctuations that are investigated have a wideband spectrum so that a visual inspection of the spectrum cannot give information about the coupling. The use of cross bispectrum is necessary when one considers electromagnetic fields because of the different polarizations involved: The electromagnetic mode, for instance, which is clearly visible on the transverse magnetic component By, is much more difficult to detect on the E• component where it is negligible, and conversely, the quasi-electrostatic modes cannot be detected on the magnetic data. Bispectrum and bicoherence contain two different types of information, which are both necessary to evidence efficient wave coupling. The combined visualization used here is a compromise that allows to grasp the two aspects in one plot. This method can be applied to any one-dimensional series, function of space (as done in this paper), or time, to evidence coupling in wavenumber or in frequency.
Nevertheless, in the present study, a limitation of the method appears when one considers the temporal evolution of the phenomena. We have performed here a spectral analysis at a given time, in the wavenumber space. The analysis of the dispersion relations of all the modes that can propagate in such a situation shows that for one value of the wavenumber, different frequencies can exist, and a more comprehensive approach would consist of considering a two-dimensional spectral analysis, with time and space Fourier transforms.
This method needs two-dimensional series to evidence coupling in the (co, k) space (or in (kx, ky) space) and therefore needs much more computer time. It is still under development, and it is already needed for numerical simulation data processing and will also be useful for multispacecraft missions data.
